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Annotation

In the present work several problems on deformation and oscillation of non-homogeneous piezo-
electric elastic beam is studied. The deformation is limited to be only along z3 axis and it
is assumed that all functions depend on time ¢ and/or spatial variable x3. Deformations and
oscillations of such material was studied in case when the constitutive coefficients were constants
and when they were power functions of spatial variable x3, i.e. equal to const. x x5 for some
k = const. € (0,1). With given charge density (f.) and volume force along x3 axis (®3), initial-
boundary value problems were studied. Solutions for displacement vector (us3) as well as electric
(x) and magnetic (n) potentials that arise during the deformation were written in analytic form
(constant-coefficient case) or as an infinite series (coefficients given power functions of variable
x3) and absolute uniform convergence of these series were studied. Furthermore, volume force
components along x1 and xo axis were found for which the deformation will be limited along 3
axis. The solutions for the case when constitutive coefficients were constants were plotted for
specific material (mixture of CoFesO4 and BaTiO3) using MATLAB.



Introduction

The development of science, industry and technologies on the one hand made the possibility
of constructing such new complex composed materials with different physical properties (piezo-
electric, piezomagnetic, multi-component mixtures, bio-materials, meta-materials etc.) that are
not found naturally on Earth. On the other hand these new materials can be used for future
development of the same fields. Several examples include piezoelectric sensors for vibration con-
trol ([24]), high precision actuators ([10]), materials with higher strength and stiffness ([29]) or
ones that lower energy consumption ([23][30]), production cost and size of sensors or actuators
([10][24]).

Piezoelectric materials did not come into widespread use until the World War I, when quartz was
used as resonators for ultrasound sources in SONAR to detect submarines through echolocation
([31]). Although nowadays such materials can be seen in daily life even in devices such as

speakers, headphones or microphones.

The increasing demand on developing new types of materials makes it necessary to describe

mathematically how do they behave under the influence of some physical fields.

Direct piezoelectric effect was discovered by the brothers Jacques Curie (1856-1941) and Pierre
Curie (1859-1906) ([5][6]). They discovered, that for certain materials (such as quartz, Rochelle
salt, topaz and etc.) tension and compression generated voltages of opposite polarity and pro-
portional to the applied load. The word hydroelectricity comes from Greek language and means
electricity resulting from pressure. Later, Lippman ([21]) predicted existence of the converse ef-
fect based on thermodynamic principles, that was experimentally proved by the brothers Curies
in 1881.

The Magnetoelectric effect was first predicted by Landay and Lifshitz in 1957 ([20]) and was

later confirmed in an antiferromagnetic single crystal Cr2O3 ([2][9]).

The electromagnetic effects in solid bodies was studied by V. Nowacki ([37]), P. Denieva ([31]).
Other examples of studies can be found in [1][8][33][34].

The governing equations for thermo-piezo-electro-magneto-elastic material with voids are given
e.g. by G. Jaiani in [13]. They consist of: 1. motion equations; 2. kinematic relations; 3. con-
stitutive equations. Constitutive equations and constants (e.g. piezoelectric and piezomagnetic
coefficients, dielectric and magnetic permittivity constant, etc.) are determined by experimental

studies.

Solving boundary and/or initial value problems for differential equation systems related to body
deformations can be challenging for example when cusped plates are considered, i.e. such ones
whose thickness on the part of the plate boundary or on the whole one vanishes. In 1955 I. Vekua
published his models of elastic prismatic shells ([16]). In 1965 he offered analogous models for
standard shells ([17]). Later the problem was furthermore investigated for different types of
materials by G. Jaiani ([11]{12][13][14][15]), N. Chinchaladze ([4][25][26][27][28]), T. Buchukuri,
T. Chkadua and D. Natroshvili ([3][7][35][36]).



In the present work several problems were studied for deformations and oscillations of non-
homogeneous piezoelectric elastic beam. The beam can be thought as a rectangular cuboid with
constant height, length and width (generally, width and height of a beam can be variable, but
in the present work they are considered constants). The problem was studied when the body
deformation was limited to be only along z3 axis and all functions where depended only on
xs spatial variable (and on time ¢ in case of dynamics). The main problem was to find the
displacement (us), electric potential (x) and magnetic potential (1) when charge density (fe)
and volume force along x3 axis (®3) were given. Finally volume forces along z1 and z2 axis were

determined for which the deformation would be limited only along x3 axis.

The work is organized as follows: in Section 1 the system of differential equations is derived
for deformation of piezoelectric elastic material when the body deformation is limited to be
only along z3 axis; in Section 2 deformation of piezoelectric elastic material with constant
constitutive coefficients is studied with static problem discussed in 2.1 and dynamic problem
in 2.2; in Section 3 the problem is discussed when the constitutive coefficients are considered
to be power functions of spatial variable 3, i.e. constants equal to const. x z%§ for some k =
cosnt. € (0,1). The equations were reduced to linear integral equation of second kind. Using
Hilbert-Schmidt theorems ([18][22][19]) the solution was written as an infinite series and absolute
uniform convergence of the series was proved; in Section 4 plots of the solutions are given for the
problems discussed in Section 2. Supplementary theorems that are used throughout the work
are given in Appendix A; in Appendix B MATLAB codes for the plots shown in Section 4 are

given; in Appendix C additional remarks are provided.



1 Preliminary Materials

1.1 System of Differential Equations

In the present work a piezoelectric elastic beam is considered ([7][13]):

V::{(xl,xg,xg)6R3:0§$3§L,0§$1Sd,ogl‘ggh} (1)

where L, h = const.
T3

Z2
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Figure 1.1: Beam given by region V

Fig. 1.1 shows the region occupied be the beam given by (1). From the perspective of physics,
the beam can be represented as infinite number of rectangular cuboids with height h, length L
and d width, stacked along x; axis. In the present work the deformation is limited to be only

along x3 axis and all functions depend only on spatial variable x3 and time t.

The governing equations for piezoelectric Kelvin-Voigt materials with voids has the following

form (see e.g. [13]):

Motion Equations

Xjij + ®; = piij (w1, z9, v3, 1), (21, 72, 23) € Q C R, @)

t>tosi,j = 1373
Djj = fes B;j =0, 2x]0, T7, j=13 (3)

where X;; € C1(Q) is the stress tensor; ®; are the volume force components; p is the mass
density; u; € C?(€) are the displacements; f. : Qx]0,T[— R! is the electric charge density;
D := (D1, D9, D3) : Qx]0,T[— R? is the electrical displacement vector; B := (B, B, B3) :
Qx]0,T[— R3 is the magnetic induction vector. Here and in the future Einstein summation

convention is used.



Kinematic Relations

1 o
eij = 5(uij +uji), 4,5 =13 (4)
where e;; € C(Q) is the strain tensor.

Constitutive Equations

Xji = Xij = Ejjrierl + PrijXok + QkijN ks i,5,k,1=1,3 (5)
Dj = pjriert — SjixX, 1 — Gin, i,j,k,1=1,3 (6)
Bj = qjrier — ajixg — Einyg, i,5,k,1=1,3 (7)

where E;;j; are elastic constants (measured at constant electric and magnetic fields), x : 2x]0, T
— R and 5 : Qx]0, T[> R! are electric and magnetic potentials, respectively; Pkij are piezoelec-
tric coefficients (measured at constant magnetic field), and gy;; are piezomagnetic coefficients
(measured at constant electric field); ¢;; and §;; are dielectric permittivity coefficients (mea-
sured at constant strain and magnetic filed) and magnetic permeability coefficients (measured
at constant strain and electric field), respectively; a;; are the coupling coefficients (so called mag-
netoelectric coefficients) connecting electric and magnetic fields (measured at constant strain)
([13][38]). It can be shown, that the constitutive coefficients Ejji, prij, qrij, Sji» @i, &1 satisty the

following symmetry relations ([37]):
Eijti = Ejint = Ejur = Erij, §1 = &5, 51 = ay;

Pkij = Pkji> Qkij = Qkji> Sjl = Slj (8)
i? j7 ka l= ﬁ
In the present work the case when the body deformation is limited along x3 axis is studied, i.e.

uy = uz = 0. Under this consideration, if we insert (4) into (5)-(7) and the result into equations

(2) and (3), and use (8) relations it will lead us to the following system of equations:

(Ea333u33 + P3a3X,3 + @3a3M,3) 3 + Po = 0,0 = 1,2 9)
(Es33gus,3 + p33aX,3 + q3s3n.3) 3 + P3 = piis, (10)
(p3gsu3 3 — S33X,3 — @331,3),3 = fe (11)
(g333u3,3 — a3zx,3 — &331,3),3 =0 (12)

Here, ®3, p and f, are known functions and we need to solve the system of equations for us, x
and 7. The general idea of solving this system of equations is to find functions (z3, x,n) from
the system (10)-(12). Then (9) equations will become conditions for ®; and ®5 components of
volume force. From the perspective of physics these conditions can be interpreted as follows:

the condition which ®; and ®» must satisfy in order to have deformation only along x3 axis.

Note that equations (9) and (10) are obtained from motion equation (2), whereas equations (11)



and (12) from ones given by (3).

2 Constitutive Coefficients are Constants

In this section the case when: Fj333, p333,q333, $33, @33, £33 = cosnt.,i = 1,3 is studied. In this

case, equations (9)-(12) becomes:

Eq333u333 + P303X,33 + 303033 + Pa = 0,0 =1,2;k=1,3 (13)
E3333u3,33 + P333X,33 + q3337,33 + P3 = piig, (14)
P333U3,33 — $33X,33 — 337,33 = fe (15)

q333U3,33 — 33X,33 — £337,33 = 0 (16)

If we consider the system of equations (14)-(16) as an algebraic system for (us 33, x,33,7,33), to

solve the system we have to restrict the following determinant to be nonzero:

E3333  p333  ¢333
D =|ps33 —q33 —ags| #0 (17)

g333 —asz3 —&33

2.1 Static Problem

If we consider the case, when all functions depend only on spatial variable x3 and are not

functions of time, the right hand side of (14) will become zero and we get:

FE3333u3,33 + P333X,33 + q3337,33 + P3 =0 (18)

The rest of equations remain the same as given by (13), (15) and (16).

Let ug(x3) € C%([0, L]) and consider the following boundary conditions:

u3(0) = ag, x(0) = bo,n(0) = do, (19)
uz(L) = a1, x(L) = b1, n

If we multiply (15) by &33, (16) by @33 and subtract one from another, we get x 33 as a function

of u3,33:
_ &33p333 — 4334333 &33
X33 = U333 — 5 Je (20)
33533 — a33 33633 — a33
Similarly, from (15) and (16) we get:
a33P333 — $334333 ass
N33 = U333 — =5 fe (21)

5) )
a3z — £33533 ass — £33$33



Together with (18), (20)-(21) gives:
Liug s — Lofe +®3 =0

where ) )
£33D533 — 2033P3339333 + $33G333

—
33633 — G35

Ly = E3333 +

I, §33P333 — 1334333
2= =2
§33633 — Q33

After integration of (22) twice from 0 to x3 we get general solution for us:

1o

I (z3 —y) (P3(y) — Lafe(y)) dy + crw3 + c2
1 Jo

us =

Using the boundary conditions (19) we get:

L
=1 B -a) - [(L ) @) - B

c2 = Liag

Then from (23) and (24):

T3 1 L
s = Liao + 2 (a1 — a0) + - /0 K(x3,) (®3(y) — Lafoly)) dy

L

where
y(1-2) 0<y<as

K(J/‘Say) = K(yvx?)) = y
z3(1—4%) a3<y<L

Similarly, after integration of (20) and (21) twice from 0 to x3 we get:

x3
x(z3) = Lagus — L3/ (3 —y) fe(y)dy + c323 + c4
0

T3
n(xg) = Lauz — L5/ (23 —y) fe(y)dy + c5x3 + 6
0

where

_ 33633 — 43i3033
&33533 — (ass)?

§33

Lo;

L3 = = o
£33633 — (a33)?
_ P333G33 — $33¢333
I, = Dess
(@33)% — 33633
a
Ly = 33

(@33)% — 33833

(22)

(23)

(24)

(25)



Considering the boundary conditions (19):

1 L
3= <bl — bo + Las(ag — al)/o (L— y)fe(y)dy>

c4 = bg — Lazag

I (33)
1
cs = T <d1 —do + L4(ap — al)/ (L — y)fe(y)dy>
0
Cg — d(] — L4a0
Then from (27), (28) and (33) we get final expressions for x and n:
I3 L
x(w3) = Lagug(ws) + f(bl —bo + Las(ap —a1)) + Lg [ K(x3,y)fe(y)dy + bo — Lagao
0
T3 L
n(z3) = Lyuz(w3) + f(dl —do + La(ag —a1)) + L5 | K(x3,y)fe(y)dy + do — Laao
0
Finally, from (13) and (22) we get the following expressions for ®; and ®;:
L1, L1,
Do (23) = <L2a - L1L23) fe(xs) + %¢3($3), a=1,2
13 13
where ~ ~
L1; = Eigss + p3i3(£33P333 — G334333) + q3i3(a33P333 — $33¢333) i=13 (34)

33533 — (as3)? (@33)? — 33833

Note, that Li3 = L1 and Lag = Lo.

2.2 Dynamic Problem

In this section the case is studied, when constitutive coefficients are constants and all functions
depend on both - the spatial variable z3 and time ¢. If we start to solve the (14)-(16) system
in the similar way as we did in Section 2.1, we sill get the equation similar to (22), but with

non-zero right-hand side:
Lyuz33(ws,t) — Lafe(x3,t) + ®3(x3,t) = piiz(xs, 1) (35)
Let the functions have the following form:

us(xs, t) = ul(zs)e ™", fe(zs, t) = fO(z3)e ™", 3(x3,t) = P§(z3)e ™"

0 —iwt 0 —iwt (36)
n=1(z3)e”™, x=x (z3)e
where ud(z3) € C%([0, L]) and consider the following boundary conditions:
u3(0,t) = a*e ™ x(0,t) = age ™, n(0,t) = bge !
3(0,1) x(0,t) 0 n(0,1) 0 (37)

U3(L, t) = b*e_th7 X(La t) = aLe_tha n(La t) = bLe_th

10



From (35) and (36) we get:
Lyug g3(w3) + pwug(ws) = Lafe (x3) — ®5(xs) (38)

Furthermore, let us denote:
Lofg(x3)  ®§(x3)

9(ws) = = I
and )
2 _ P
L
Then equation (38) becomes:
. 2
ud g5 (3) + sign(Ly) - Ak ug(xs) = g(x3) (39)
where
1 L1 >0
sign(L1) = . Ll 0
_ 1 <

We solve (39) using the method of variation of parameter ([39]).
Case 1: L1 >0

In the case when L; > 0 it can be shown, that the solution of (39) has the following form:

. . etwoé
ug(ws) = cre” 0T 4 cpel 0TS — g TI0Ts / W (e iwoé,ge(ii)of)(g)dg
et g ) (40)
W(e ’“05,6“”05)(5)

+6iw0x3

dg

where c1e~ W03 4 cye™0%3 g general solution of the corresponding homogeneous equation of (39)

and W (e~ "o®s "w0¥3) js the Wronskian of e™*0%3 and e'“0%3:
W(efzwox% ezwoz;;) — 2in€zng3€71w0:p3

From (40) using the boundary conditions (37) we obtain the following expressions for ¢; and c:

1 1 L
- _ - * _dwolL _p* L . I — d
= isin(wol) <a © e s 9(y)sin(wo(L —y)) y)

—1 *  —iwoL * 1 L .
2isin(woL) <"“ ¢ oo Jo 9(y)sin(wo(L — y))dy
Substitution of these coefficients into (40) and using the relation ¢ = cos(f) + isin(0) we get:

uy(23) = Acos(wozz) + Bsin(wors) + L /ws g(&)sin (wo(zs —&)) d€ (41)
wo Jo

where

A=a"

11



and
b* 1

sin(wol)  wosin(

L
B = —a*ctg(woL) + ) /0 g(&)sin (wo(L —&)) d€

To simplify (41) let us denote:

R=+/A24 B2

then equation (41) can be written as:

uy(z3) = R <Acos(w x3) + Lsin(w x ))
s varp oty (42)
1 [* )
+— | g(&)sin (wo(xs —¢§))d¢
wo Jo
Further, if we denote:
VAZ Y B2 4
we get our final expression for u(z3):
1 [* )
(o) = Reos(awnzs — ) + - [ g(€)sin (s - €) de (43)
0
Case 2: L1 <0
Similarly, if L; < 0, general expression for u3(z3) can be written as follows:
woé
0 _ —woT3 woxs3 —woT3 e’ g(ﬁ)
us(x3) = cre + coe —e d§
e 0%y ( f)
+e20T8 d¢

W (e €, =€) (€]

where ¢1e”“0%3 + c9e“0%3 are general solutions of the corresponding homogeneous equation of

(39) and W (e®0®3 «“0%3) ig the Wronskian of e”“*3 and e“0%3:

TV (e790T3 | g40T5) = 9y~ WOT3 W0TS
Using boundary conditions (37) we get:

1 1 [E
- - * wol _ g% wo(L—E&)  _—wo(L—E)
‘1 ewol _ g—woL (CL € b* + 200 /0 g(ﬁ)(e € )d€>

1 1 [
- * _—wolL * wo(L—E&) _ —wo(L—E)
€2 ewol _ g—wol <a € -+ 2wo Jo 9(&)(e ¢ )d£>

Considering the last expressions we get the following expression for u3(z3):

1 s
ul(ra) = AeT07 4 Bt 4 o /0 g(§)(e=0(7278) — emn(m=9)ag (45)

12



where

_ 1 * _wol * L wo(L—€) —wo(L—E€)
A_ewL_gww<an —b-%%MKJMQ@O — emol=8) g
and
B = ; a*efwoL o b* + L L (é_)(ewo(Lfé) _ efu.)o(Lfg))dé-
= ewaL . ewOL 2&]0 0 g

The following equation summarizes the results obtained for u3(z3) in the two cases above:

W(z5) = Recos(worz — ¢) + wio Jo? 9(€)sin (wo(xs — &) d€ Ly >0 (46)
3 = . ) ) )

Aemw0Ts 4 BewoTs 4 oL [ g(€)(e=0(@3=8) _ e=wo(@s—9)ge L, <0
It can be easily shown, that (46) satisfies equation (39) and boundary conditions (37).

We can now easily get expression for ug(zs,t) from (46) and (36).

Next, from (15) and (16) we will obtain the same expressions for n%3 and X?33 as we obtained in
(20) and (21) for n33 and x 33. Thus, if we solve these differential equations step-by-step in the
similar way, using boundary the conditions (37) we obtain the following expressions for n°(z3)

and x°(z3): :
n°(x3) = Lyus + k1x3 + ko + L5/ K(x3,y)fe(y)dy
0
L
X°(23) = Logus + kaxz + kg + Ls/ K(x3,y) fe(y)dy
0

where K (z3,y) is given by (26), the constants Les, L3, L4, Ls by (29)-(32) and

- %[L4(a* — %) + by — by)
ko = by — Lsa*
@:%Mﬂf—wyﬂu—%
ki = ag — L3a*

Finally, from (13) we get the conditions for ®; and ®, that, as it was stated earlier, restricts

the deformation to be only along x3 axis:

O, (x3) = —Liqus33(z3) + Loa fe(x3), a=1,2

where Ly, is defined by (34).

13



3 Constitutive Coefficients are Power Functions of Spatial Vari-

able 3

In the following section we consider the case when constitutive coefficients are power functions

of spatial variable x3:

0 K 0 K _ 0 K _ 0 _rk
Eiss3 = Ei333%3, P3is = P3i3T3, 43i3 = (3,373, $33 = S3373,

0 ~ ~0 : (47)
533 - 53333)3{’ aszs = a33x§a 1= ]-a 3
where E?333,pgi3, qgi?), 693,89, a%5, k = const,i = 1,3 and k > 0.
From (47) the system of equations (10)-(12) becomes:
(ES3325us,3 + Pi3325X,3 + d333257,3) 3 + 3 = pils (48)
(P3s35us,3 — S3575X 3 — As3057,3) 3 = fe (49)
(3332533 — 350 X3 — E3325m,3) 3 = 0 (50)

If we consider equations (48)-(50) as algebraic system for (x5us3) 3, (z5x,3),3 and (x57.3) 3, then

it is evident, that to solve the system we have to require the following condition:
0 0 0
E3333 D333 4333
—|,0 0 =0
D=|pss —<g3 —ags| 70 (51)

0 ~0 0
q333 —aggy —&33

Later in the work (see lemma 3.4) it is shown that the (48)-(50) system has physically valid
solution iff
D>0 (52)

3.1 (48)-(50) Solution of The System of Differential Equations

Let the following conditions fulfill:
us(-,t) € C*(J0, L)) N C([0, L))
uz(zs, ) € C3(t > 0)NCL(t > 0),us(zx3,t) € C(0 < x5 < L,t > 0)
Furthermore let k < 1 and consider the following homogeneous boundary conditions:
u3(0,t) = us(L,t) = £(0,1) = §(L,t) = n(0,t) = n(L,t) =0 (53)
and non-homogeneous initial conditions:
us(z3,0) = p1(xs3) (54)

u3(x3,0) = @a(x3) (55)

14



Integration of (48) from L to x3, dividing both sides of the resulted equation by z4 and integra-

tion of the result a second time from L to x3 gives us the following general equation:

P B ey
Ef333u3 + PiaaX + 3337 — - /L (37" — y' )iz (y, t)dy
(56)

1 3 1— - C11 1— _
= [ =y Ry + P - 1) e

Then using boundary conditions (53):

1 L 1 L 1
o= i [p/ y s (y, t)dy —/ Y _“<I>3(y)dy]
0 0

(57)
c12 =0
Considering the last result we get:
o 1
Egyus(ws, ) + PhagX(ws,t) + digan(ws,t) — /L (23" — y' )iz (y, t)dy
1 s 1-k 1-k
=1z (x5 " =y ") Ps(y, t)dy (58)
K JL
:L,lf/{ _ [1-k L L L .
+ W (P/O y g (y, t)dy _/0 y " Ps(y, t)dy>
Similarly, from (49) and (50) we can get general solutions for x and 7 as functions of wus:
€33P533 — 33853 1 €8 P S
x(x3,t) = o5 us(3, 1) — - (237" =y ") fey)dy
€333 — (a33)? L=k &cls — (a33)2 Sy 7 ) (59)
_ 1 €21 (xl—n N Ll*lﬁ) . €22
365y — (@3)2 1 —w? €33583 — (ag;)?
=0 .0 00 ~0 3
@33P333 — 339333 1 a33 -k _  1-k
(s, 1) = 8 ua(w3,t) — = | @ =y sy
(@82 ~ €yl Cn (@ -Gk )
. 1 C31 (xl—f-c _ Llfn) B €32
(@95)% — €3 1 — k7 €335 — (ag;)?
Using boundary conditions (53) from (59) and (60) we get:
P 5?(,)3 L l—nf ( )d
21 = Ti-x Y ely)ay
0
co9 =0
9 L (61)
_ 933 1-
C31 = Tix /0 y " fe(y)dy
C39 = 0

Finally, using (61) we get:

15



1
€959 — (a35)?

B 6'0 T3 i ke
[(fgng?,:a — a93q9s3)us (w3, t) — =23 (237" —y' ) fe(y, t)dy

X(l‘g,t) X

].—Ii L
(™" — L17%) /L -
— " fo(y,t)d
-~ ), ¥ fe(y, t)dy
-1
n(zs,t) X

a fg:agg:% - (&gs)Q

~0 T3
. a _ _
[(ag3pg33 — S330333)us (w3, 1) — 1E3/€/L (237" = y' ) fe(y, )dy

~0 1-k 1—k L
agg(zg " — L") / -k
- e 7t d

If we substitute (62) and (63) into (58) and make some transformations we obtain:

L L
ws(3,t) + p /0 K (a3, y)iis(y, t)dy = — Ly /0 K (23,9) foly, t)dy

L
+ / K(x3,y)®3(y, t)dy
0

where
1 11—k Ll—n _ :L,lfn 0 S S x
Klzyy) = b U ) sy s
(1 — H)LlL x%—H(Llfl{ _ ylfﬂ) xg < y <L
0,260, — 290 40 a0 4 (40..)2c0
Ly = B + (P333)°33 — 2P3334333033 + (4333) "33

£93583 — (a3)?

0 ¢0 0 =0
Loy — P333€33 — 4333033
= 740 0 ~0

£33633 — (ag3)?

As the following lemma shows, it can be shown that K (x3,y) is symmetric:

Lemma 3.1. K(z3,y) defined by (65) is symmetric, i.e.:
Proof. Let 21,29 € [0, L]. Then by direct substitution we get:

K(z1,22) = K (22, 21)

Additionally, according by Theorem A.5 all of the eigenvalues of K(x,t) are real.
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Using (62) and (63) we obtain:

’ 1 - .
X.3(3,0)15 = 555 [(P93383 — 493333 )uz 3(ws, )5
€53533 — (ag3)
L 50 L 1 (68)
+£§3/ fely, t)dy — f’i/ y' " fely, t)dy
T3 L 0
K 1 ~ K
N33, )25 = — 503 [(@33p3s3 — <§34333)us,3 (w3, t)ah
&35553 — (ag3)
L &0 L (69)
+ags / fely, t)dy — -2 / y' " fe(y, t)dy
x3 L 0
Substitution of (68)-(69) into (48) gives us the following equation:
[L1U3’3l’§}73 — pﬂg = F(m'g, t) (70)
where
F(x3,t) = Lo fe(ws, ) — P3(z3,t) (71)

Let us firstly assume that fe(xs,t) =0 and ®3(x3,t) =0 for all x3 € [0, L] and ¢ > 0. Thus for
F(z3,t) defined by (71):
F(x3,t) =0 (72)

If we search for us(zs,t) in the following form we have:

us (333, t) = X(.’L‘g)T(t) (73)

then from (70), (72) and (73) we get:

T(t) Li(X3(zs3)2§) s

= = -\ = const. 74
T~ pX(as) )

Using the boundary conditions (53) from (73):
X(0)=X(L)=0 (75)

) _ o X(xs) 76
T(t) p [ K(x3,y)X (y)dy 7

and L
X(z3) = A%/O K (23, 9) X (y)dy (77)

Let us prove the following two lemmas:

Lemma 3.2. Number of A2 eigenvalues of the equation (77) is not finite.
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Proof. Assume, for the sake of contradiction, that the number of )\% is finite, and n = 1, m.

Then K (z3,y) can be written as (see Theorem A.2):

=M
where X,,(x3) € C%(]0, L[). Thus
K(z3,y) € C*(0,L[) (78)
Then
K’@&Z/)‘y_m_ - K’($37y)‘y_m3+ = _xii“
i.e. K(x3,y)¢ C?(]0,L]) that contradicts with (78). O

Lemma 3.3. If Ly given by (66) is positive than the solution of the problem is oscillatory.

Proof. From (74) we have:

L
X(ag) = =35 (Xalwa)ah) s (79)
Let (without loss of generality, see Theorem A.4) X,,(z3) be orthonormalized eigenfunctions of

(79), then

L
A2 X, (x3) = —71<Xn,3<x3>w§>,3

If we multiply both sides of the last expression by X,,(z3) and integrate from 0 to L, we get:

s Ly [* . Ly (F K/2)2
)\n - _7 Xn(x3)<Xn’3($3).’If3)73dx3 - (Xn’3x3 ) dx?)
0

P Jo

Now we can prove the following lemma:

Lemma 3.4. The solution of the system of equations (48)-(50) is oscillatory iff condition (52)
is fulfilled. Condition (52) is equivalent to the following conditions: (a) Ly >0, (b) A2 >0 for
neN.

Proof. As we proved in Lemma 3.3, the solution is oscillatory iff L; > 0.

On the other hand, from (51) and (66) we have:

Ly

D — 70 0 <0 <o
£93583 — (a33)?

18



It can be shown ([7][37]) that 3569 — (@93)? > 0. So we conclude that D has the same sign as
L.

This concludes our proof. ]
Using the result of Lemma 3.4 the solutions of (76) for eigenfunctions 7}, (t) with corresponding

eigenvalues A2 are:
T,,(t) = by sin(Ant) + bycos(Ant)

Together with (73) this gives us formal expression for uz(xs,t):
ug(xs, t) = Z Xn(x3) (b} sin(Ant) + bycos(Ant)) (80)
n=1

If we formally take the derivative of (80) with respect to time ¢ we obtain:

fh‘S(CZ?W = 3" AuXo(ws) (Bcos(Ant) — Bysin(Ant)) (81)

n=1

In view of initial conditions (54)-(55) from (80) and (81) we formally have

p1(x3) = Y Xn(w3)bh (82)
n=1
P2(3) = > AnXo(w3)bY (83)
n=1

To find expressions for b} and b3 let us denote:

Ly

\Ifa(.rg) = 7(@a,3($3)x§),3 S C([O, LD, a = 1, 2 (84)

If we integrate (84) from L to x3, divide both sides of the obtained equation by z3 and integrate

the result a second time from L to x3, under the boundary conditions (53) we get:

L
Palr3) = —p/o K(z3,y)Val(y)dy,a = 1,2 (85)

where K (z3,y) is defined by (65).

Because ¥;(¢) € C([0,L]) and K (z3,&) € C([0,L] x [0, L]) is symmetric (see Lemma 3.1), by
Theorem A.1 ¢, (x3) can be represented as the following absolutely and uniformly convergent

series on the interval [0, L]:

o0

L
ealen) =3 ([ ol Xuay) Xofaw), 0= 1.2 (36)

n=1

Finally, (86) together with (82) and (83) gives us:
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L
by = % /O a2 (y) Xn(y)dy (87)

L
- /0 1(5) X (y)dy (88)

Absolute and uniform convergence of the series in right-hand side of (80) and (81), as well as of
the series for x"ug 3(x3,t) and (z"us33(x3,t)) 3 in case of homogeneous problem (see eq. (72)) is

proved in Section 3.2.

Now, let us consider the case when f.(x3,t) #Z 0 and ®3 £ 0. Additionally, let us firstly consider
the problem when ;(x3) given by initial conditions (54)-(55) are equivalently zero on the interval
T3 € [0, L].

Let F(z3,t) € La(]0, L]). Then F(x3,t) can be represented as:

x37 Z Cn®n

where ¢, form an orthogonal family in Ly([0, L]). Then using Theorem A.6, F(x3,t) can be

represented as a uniformly convergent series:

F(xs,t) = Z (3, 1), Xn(23)) Xn(3) = </ (x3,t Xn(iﬂs)dévs) Xn(x3)
n=1 n=1
2l

(89)

where

L
Fo(t) = /O P, ) X, (23)das (90)

We look for the solution in the form:
':U37 Z Un '1"37 (91)

where u,,(z3,t) is a solution of the problem with F'(x3,t) replaced by X, (z3)F,(t). Using the

method of separation of variables we can write:

Un(23,t) = X (23)Tin(t) (92)

Then from equation (70) we have:

(L1 Xy 3(23)75) 3 _ pTln(t) + Fu(?)

_ 2
X, (x3) N T1n(t) =M (93)

where X,,(z3) satisfies (77).

If we solve (93) for T;,(t) using the method of variation of parameters, then from (91), (92) and
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initial-boundary conditions, T, can be written as:

Ty, = *A/f /Ot F,(1)sin (f}"ﬁ(t - 7)) dr (94)

Furthermore, from (92) and (94) we get the following series for ug(xs,t):

us(s, 1) = fjl{fxn@cg) / t [ /

L

Pee, T)Xn(g)dg] sin Q%(t - 7)) ir (95)

If F(.,,t) € C([0,L]) and F(x3,.) € C(t > 0) N CL(t > 0) N C?(t > 0), proofs of absolute
and uniform convergence of the series in right-hand side of (95), of its first and second order
derivatives with respect to time, as well as of the series for x"us3 3(x3,t) and (x"ug3(z3,t)) 3 are

given in Section 3.2.2.

Finally, if ¢;(x3) # 0 then the solution can be expressed as:

U3(5U3, t) = Z Un($3, t)
n=1
where
un(xfi; t) = Xn(x3)(Tn + Tln)

X, (23)T), is here given by (80) and X,,(x3)T1, is given by (95).

3.2 Absolute Uniform Convergence of the Solution

Remark 3.1. For simplicity, throughout the following proofs, functions in LHS of inequalities

mean the corresponding series.

3.2.1 Convergence of the solution of homogeneous differential equation

Theorem 3.1. The series in RHS of (82) and (83) are absolutely and uniformly convergent on
T3 € [0, L].

Proof. From (74) and (87) we have:

n L [* .
= =55 [ aalan)af) g oalas)dos

Moo
Ly [F ;
=%, ), Knalws)rsezs(es)dry (96)
n 0
L L
= _)\31/)/ X (x3)p2(x3)dxs
n 0

Analogously:
L L
=505 [ Xalawor(aa)day (97)
nP Jo

21



As the series given in RHS of (86) is absolutely and uniformly convergent on [0, L], and K (x3,&) €
C(]0, L] x [0, L]), from (77) and (97) we have:

00
1] < ) | Xn(ws)by| =

n=1

Xp / K(z3,y >b”dy'

) [ /0 X, (€)1 (6) X, 1) dy‘
0 | oL

5>¢1<5>Xn<y>d5] dy

n=1
L
< !L1|/ \K(l’&y)

<|L1|/ (w3, )| M (y >dy<|L1|M/ K (23,)|dy < oo

where

§)<P1(€)Xn(y)df'

RHS of last expression is absolutely and uniformly convergent on [0, L] and M = OzaachM (y).
<y<

Analogously using (96) we have:

P2l <D [AnXn(23)b}] < 00

n=1

O]

Theorem 3.2. The series in RHS of (80), as well as its first and second order derivatives with

respect to time t is absolutely and uniformly convergent on x3 € [0, L].

Proof. From (80), using results from Theorem 3.1, we have:

[uz (23, )] < D [ Xn(@a)|IF] [sin Ant)] + D | Xn(23)105] |cos (Ant)]

n=1 n=1

ZM X (3) b"|+Z|X (23)b8] < o0

nl n=1
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From (81) and absolute uniform convergence of the series in RHS of (86) we have:

|3 (23, t)| < Z An|Xn(23)[|bY cos(Ant)|

n=1

+Z)\ | X, (3)]|B5 sin(Ant)|

< LS, x3|'/ Xa(€)a( ds‘

0P n=1
)\ Z|X $3|‘/ Xn(©en( dé‘
op

Ly
< ——My 7M
=3, (x3) + Nop 1(x3) < 00

where A2 = min? and
n

Analogously,

i3 (w3, t Z|X $3|'/ Xn(&)e2( dﬁ‘

O]

Remark 3.2. As it was proved in Lemma 3.2, eigenvalues N2 are infinite in number. Fur-
thermore, it was shown that the kernel K(x3,y) given by (65) is symmetric (see Lemma (3.1)).
In ([22]) it is shown, that in case of symmetric kernel, to each eigenvalue belongs normalized
orthogonal system of eigenfunctions and there exists at least one eigenvalue. Additionally, if
they are infinite in number, they form a denumerable set and they may be arranged in the order

of magnitude of their absolute values:
M <M <. <IN <

Consequently, we can chose )\(2) such that A3 = min)2.
n

Theorem 3.3. The corresponding series of xus 3(xs,t) is absolutely and uniformly convergent
on z3 € [0, L].

Proof. From (74) using boundary conditions (53) we will get:

2 L
Xpg(as) = — =P /0 Ky (13, €) X (€)de

x'g L1
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where

L 0<é<a
— < 3
Kl(x37€) = é;,K
== — 1 23<¢{<L

Together with (80) and (96)-(97):

lz3us3 (3,t)] =

25 Y Xna(ws) (b sin (Ant) + by cos ()\nt))‘

n=1
0 L

= L%Z 2 [ Ki(&)Xn() (Bsin (Ant) + bicos (Ant)) dE
n=1 0

["|x.e /OLXnm)m(n)dn'd&
/X )e1(n )dn‘dél

M-
< My [)\OQ—FMl} <0

where My, = mém:Kl(f), A2 = min)2 and M,, a = 1,2 is defined by (98). O

Theorem 3.4. The corresponding series of (x5ug 3(xs3,t)) 3 is absolutely and uniformly conver-
gent on x3 € (0, L].

Proof. Using the result of Theorem 3.3 and proceeding in the same way, we get:

($§U3,3(x37t)>,3‘ = |ka§ug 3 + afuz 3]
2Kp 9
Saszl ;)\ / Kq(¢ €) (b'sin (Ant)
2rkC™*

Fcos (Ant)) dé]| <
where C* is constant such that |2%us 3(x3,t)] < C* (see Theorem 3.3). O

3.2.2 Convergence of the solution of non-homogeneous differential equation

Remark 3.3. Note, that from (77) and (89) F(x3,t) can be written in the form:

F(x3,t / K(z3,y)g(x3,y,t)dy

where g(x3,y,t) € C([0, L], [0, L],t > 0). This result will be used along with Theorem A.3 in the

following theorems.

Theorem 3.5. If F(xz2,t) € C([0,L],t > 0), the series in RHS of (95) is absolutely and uni-

formly convergent on x3 € [0, L].
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Proof.

lus(x3,t)] <

L f; (; / LF({,T)Xn(ws)(f)d§> X, (23)

If conditions of the theorem holds for F(z3,t) then from Theorem A.3 and Remark 3.3

o0

> ( / ’ F(&T)Xn(xs)(é)d§> Xo(3)

n=1

is absolutely and uniformly convergent on [0, L], thus

oo L
Z (/0 F(f,T)Xn($3)(f)d€> Xn(z3) < (1)
n=1
and ) t
luz(z3,t)| < P/\O/o e(r)dr| < o0
where \3 = mnm)\,?1 O

Theorem 3.6. If F(.,t) € C([0, L]) and F(x3,.) € C(t > 0)NCL(t > 0)NC%(t > 0) then first
and second order derivatives of the series given in RHS of (95) with respect to time is absolutely

and uniformly convergent on x3 € [0, L].

Proof. Similarly to the proof of Theorem (3.5) we have:

;; /0 ti (; /0 LF(g,ﬂXn(xs)(&)ds) X, (x3)
; /0 ti::l ( /0 LF(g,T)Xn(xg)(f)C%) X (23)

iz (23, 1) <

+

< 00

O]

Theorem 3.7. If F(xq,t) € C([0, L],t > 0), the corresponding series of xfus(xs3,t) is absolutely

and uniformly convergent on x3 € [0, L].

Proof. Similarly to the proof of Theorem 3.5:

x5 us (23, )] <

< 00

K t
x3/c7’d7’
pAo Jo (")

O]

Theorem 3.8. If F(z2,t) € C([0,L],t > 0), the corresponding series of (xfus(x3,t)) 3 is abso-

lutely and uniformly convergent on x3 € (0, L].
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Proof. Similarly to the proofs of Theorem 3.5 and Theorem 3.7:

k—1 t
Kxi /0 c(r)dr

PAO

K

t
T
(@hus(en, )l < |2 /O (r)dr

+

< 00

4 Analytical Solutions with Matlab

In the following section numerical results are shown for the solutions of the problems discussed
in Section 2. Coefficients of mixture of CoFesO4 (PM) and BaTiO3 (PE) with volume fraction

LPE — 25 was taken during the calculations [32]:

CPM

Ei333 Easszs  Fszs3 Elsss Ef3s Efsag
P313 P323 P333 | _ p213 pgzg pggs
4313 q323 q333 q§13 qug q833
633 asz 33 5 a3 &

0 0 243 x 10°

B 0 0 4.65

B 0 0 126

3.22x107% 0 1.2x1074

and p = 5.43 x 103.
The thickness L of the plate was taken to equal to 10.
Remark 4.1. Units of all constants are in the SI system.

Remark 4.2. MATLAB codes for the solutions of the problems discussed in this section are
provided in Appendiz B.

4.1 Constitutive Coeflicients are Constants
4.1.1 Static Problem

In this section the plots of the solutions of the system of equations (15), (16), (18) are provided.
The solution for us, n and x were obtained from equations (20), (21) and (22) using MATLAB
function ’dsolve’. Two cases are considered: Figure 4.1 shows plots of solutions when boundary
conditions (19) were taken to be homogeneous and known functions (charge density f. and
volume force along x3 axis ®3) does not depend on spatial variable z3; Figure 4.2 shows plots
for non-homogeneous boundary conditions case when given volume force depends on spatial
variable 23 (®3 = 103z3).
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Figure 4.1: Displacement (a), magnetic potential (b), electric potential (c¢) and volume force

components along z1 and xo axes (d) as functions of 3. fe(z3) = 5 x 107°, ®3(x3) = 103;
homogeneous boundary conditions.

0 2 4 6 8 10 00 2 4 6 8 10
X3 X3
(a) (b)
o 10* 1
15 ;:, 0.5
. HN
= )
5 X
& 05
0
0 2 4 6 8 10 _10 2 4 6 8 10
X3 X3
(c) (d)

Figure 4.2: Displacement (a), magnetic potential (b), electric potential (¢) and volume force
components along x1 and o axes (d) as functions of x3. fe(x3) = 1075, ®3(x3) = 103z3;
Boundary conditions: ag =5 x 1075, a1 = 1075, by = 5 x 10%, by = —3 x 10%, dg = 2, d; = 5.
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4.1.2 Dynamic Problem

In this section plots of the solutions of the system of equations (14)-(16) are provided. The
solution for uz, n and x were obtained from equations (38), (21) and (22) using MATLAB
function ’dsolve’. Three cases are considered: Figure 4.3 shows the plots of solutions for non-
homogeneous boundary conditions (19) when known functions (charge density f. and volume
force along z3 axis ®3) does not depend on spatial variable x3; Figure 4.4 shows the plots of the
solutions for homogeneous boundary conditions when volume force along x3 has the following
form: ®3 = 10%°z3; Figure 4.5 shows the plots of the solutions for homogeneous boundary

conditions when volume force along z3 axis has the following form: ®3 = 10°cos(z3).

%10
5

—t=0
—t=0.0001
—t=0.0002

—t=0 —t>0
—t=0.0001
—t=0.0002

Figure 4.3: Displacement (a), magnetic potential (b), electric potential (c) and volume force
components along z1 and xo axes (d) as functions of 3. fe(z3) = 7 x 1078, ®3(x3) = 10°;
Boundary conditions: a* =5 x 1074, a* = 1074, ag = 5 x 10%, ar, = —3 x 10%, by = 10, by, = 25.
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Figure 4.4: Displacement (a), magnetic potential (b), electric potential (c¢) and volume force
components along 7 and z2 axes (d) as functions of 3. f.(z3) = 7 x 1078, ®3(x3) = 10523;
homogeneous boundary conditions.

—t=0
—t=0.0001 3
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Figure 4.5: Displacement (a), magnetic potential (b), electric potential (c) and volume force
components along x1 and xo axes (d) as functions of x3. fe(x3) = 7 x 1078, ®3(x3) = cos(x3);
homogeneous boundary conditions.

Remark 4.3. As it can be seen on the figures, for considered material ®,, o = 1,2 is zero on
the interval x3 € [0, L] in both static and dynamic cases. This means, that no additional forces

are needed along 1 and xo axis in order to limit the deformation only along x3 azes.
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Conclusions

Static and dynamic problems of non-homogeneous piezoelectric elastic beam was studied in
case when constitutive coefficients are constants and when they are power functions of spatial
variable 3, i.e. equal to const. x x% for some k = const. € (0,1). When constitutive coefficients
are constants, the solutions were written in analytic form as functions of time ¢ and/or spatial
variable 3. When constitutive coefficients are power functions of x3 the solutions were written
in absolute uniform convergent series and it was proved, that when constitutive coefficients are

power functions of x3, the solution is oscillatory iff L; constant defined by (66) is positive.

In the case when constitutive coefficients were constants several problems were solved for different
boundary conditions and known functions (charge density f. and volume force along spatial

variable x3 - ®3). Solutions of the problems were plotted using MATLAB.
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Appendix A Supplementary (Hilbert-Schmidt) Theorems
The theorems given in this section as well as their proofs can be found in (Lovitt. Linear Integral
Equations. 2005) and (Kanwal R.P., Linear Integral Equations, Second Edition, 1997).

Theorem A.1. If u(xs) has the form

L
ulas) = A /0 Ry, €)f(€)d¢

with f(x3) piece-wise continuous on [0, L], and a symmetric kernel R(xs,€&) € C([0, L] x [0, L]),
then -
u(zs) = 3, Yo Vo) (99)
n=1

where

~

(u, Yy) ::/0 u(xs) Yy (z3)dxs

Y, is an eigenfunction of R(xs3,&), and the series on the right-hand side of (99) is convergent
absolutely and uniformly on [0, L].

Theorem A.2. If the number of A\, eigenvalues of the symmetric kernel is finite then

N
Rlas,g) = 3 22maleld)

n=1

Theorem A.3. If f(z3) € C([0,L]), then

L 00
JRECRTOIE e
n=1 n

and the series is convergent absolutely and uniformly, here R(x3,&) is a symmetric kernel with

respect to x3 and &; 'Y, are eigenfunctions of R corresponding to X\, eigenvalues.

Theorem A.4. To every real symmetric kernel K(z,t), z,t € [a,b] there belongs a complete

normalized orthogonal system of eigenfunctions (), with the following properties:

1) Yp(z) is a eigenfunction belonging to A,

b
Ur(x) = )\r/ K(z,t)y(t)dt

2) [2 ¢} (w)dr =1
3) [ ()ps(x)de =0,  (r#s)
4) p(z) is real.
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5) Every eigenfunction p(x) is expressible in the form

o(x) = eryry (T) + . + e, Yr, (2)

Theorem A.5. If K(x,t) is real and symmetric, continuous, and # 0, then all of the eigenvalues

are real.

Theorem A.6. If f(x) is a continuous function and its expressible in the form

Z Cn¢n

n=1

where infinite sum in RHS is uniformly convergent on [a,b], then the coefficients ¢y, are given by

b
e = / (@) (@)dz = (fib)

that is -
= (fton)tn(x
n=1

where ¥, belongs to a complete normalized orthogonal system of eigenfunctions of symmetric

kernel.
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Appendix B Matlab Codes for Section 4

B.1 Constitutive Coefficients are Constants
B.1.1 Static Problem

syms f_e(x-3) Phi_3(x-3) u-3(x-3) eta(x-3) chi(x-3) Phi_alpha(x_.3)
%% Defining constants and given functions

L =10; % Thickness of the plate

rho = 5.43%x10°3; % Density of the material

f_e(x.3) = 5x10°(—=5); % Charge density function
% Phi_3(xz-3) = 10°3; % Volume force along z_-3 axis (Figure 6.1)
Phi 3(x.3) = 10"3xx.3; % Volume force along z_3 axis (Figure 6.2)

% Constitutive Coefficients
E_i333 = [0 0 243%10°9];
p-3i3 = [0 0 4.65];

q.3i3 = [0 0 12.6];
sigma_33 = 3.22%10°(—-9);
a_33 = 0;

xi_33 = 1.2%x107(—4);

% Constants constructed from constitutive coefficients
L 1i = E.i333 + p_3i3%(xi_33%p_3i3(3)—a_33%q_3i3(3)) —

q-3i3%(a-33%xp_3i3 (3)—sigma_33xq_3i3(3))/(xi_-33xsigma_33—(a_33)"2);
L 21 = (p-3i3%xi_-33—q-3i3%a_33)/(x1-33*sigma_33—(a_33)"2);
L3 = xi_33/(xi-33*sigma_33—(a_-33)"2);
L4 = (p-3i3(3)*a_33 — sigma_33%xq_-3i3(3))/((a-33)"2—xi_33xsigma_33);
L5 = a33/((a-33)"2—xi-33*sigma_33);

% Non—homogeneous Boundary Conditions
a_0 = 5x10°(—6);

a-1 = 10"(—6);

b_.0 = 5x10°4;

b_.1 = —3%10"4;
d.0 = 2;
d.1 = 5;

%% Solving differential equations
D2uDx2 = diff(u.3,2):

D2etaDx2 = diff(eta,2);

D2chiDx2 = diff(chi,2);
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eql = L_1i(3)*D2uDx2 — L_2i(3)*f_e(x-3) + Phi_3(x.3) = 0;
bcl="u_3(0)=a.0 ,u-3(L)=a_1";

Sl=dsolve (eql ,bcl ,x_3);

u_3(x_-3)=eval(vectorize(S1));

eq2 = D2etaDx2 = L_4xdiff(u.3,2) — L5xf_e(x.3);
bc2="eta (0)=d_0,eta(L)=d_1";

S2=dsolve (eq2,bc2,x.3);
eta(x_3)=eval(vectorize(S2));

eq3 = D2chiDx2 = L_2i(3)*diff(u-3,2) — L.3xf_e(x.3);
be3="chi(0)=b_0,chi(L)=b_1";

S3=dsolve (eq3,bc3,x-3);

chi(x_3)=eval(vectorize (S3));

Phi_alpha(x_-3)=(L_2i(1:2)—(L_1i(1:2)/L_1i(3))*L_2i(3))*f_e(x.3)+...
(L_1i(1:2)/L_1i(3))*Phi_3(x_.3)

%% Plotting solutions

figure (1)

fplot (u3,[0 L], k’, linewidth’,2)
xlabel ("x_3 ")

ylabel ("u_-3(x-3)")

figure (2)

fplot (eta ,[0 L], ’k’,’linewidth’,2)
xlabel (’x_37)

ylabel(’\eta(x-3)")

figure (3)

fplot (chi,[0 L], ’k’,’linewidth’,2)
xlabel(’x_.37)

ylabel (’\chi(x_-3)")

figure (4)

fplot (Phi_alpha (1) ,[0 L], ’k’, linewidth’,2)
xlabel (’x_.37)

ylabel (*\Phi_1(x.3), \Phi_2(x.3)’)
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B.1.2 Dynamic Problem

syms f_e(x-3) Phi(x-3) u.-3(x-3) eta(x-3) chi(x-3) Phi_alpha(x.3)...
g(x-3)

%% Defining constants and given functions

L = 10; % Thickness of the plate

rho = 5.43%x10°3; % Density of the material

omega = 3500; % Frequency of oscillation

f_e(x-3) = 7x10°(—8); % Charge density function (see eq. (30))
% Phi(z_3) = 10°5; % Volume force along z_-3 axis (Figure 6.3)
% Phi(z_3) = 10°5xxz_8; % Volume force along z_-3 axis (Figure 6.4)
Phi(x.3) = cos(x-3); % Volume force along xz_3 axis (Figure 6.5)

% Constitutive Coefficients
E_i333 = [0 0 243%10°9];
p_3i3 = [0 0 4.65];

q.3i3 = [0 0 12.6];
sigma_33 = 3.22x107(—-9);
a_33 = 0;

xi_ 33 = 1.2%10°(—4);

% Constants constructed from constitutive coefficients
L_1i = E_i333 + p_3i3*(xi_33%p_3i3(3)—a_33%q_313(3)) —

q-3i3*(a_33xp_3i3 (3)—sigma_33xq_3i3(3))/(xi_33xsigma_33—(a_33)"2);
L_2i = (p-3i3%xi_-33—q-3i3*a_33) /(xi-33xsigma_33—(a_-33)"2);
L3 = xi-33/(xi_33%sigma_33—(a_33)"2);
L4 = (p-3i3(3)*a_33 — sigma_33%xq_-3i3(3))/((a-33)"2—xi_33xsigma_33);
L5 = a33/((a-33)"2—x1-33*sigma_33);

omega_0 = sqrt(rhoxomega”2/L_1i(3));
% RHS of differential equation
g(x3) = L_2i(3)*f_e(x3)/L_1i(3) — Phi(x.3)/L_1i(3);

% Non—homogeneous Boundary Conditions
a = 0; %5x10°(—4);
b= 0; %10°(—4);

a0 = 0; %5«10°6;
a L = 0; %—38%x1076;
b_.0 = 0; %10;
b.L = 0; %25;

%% Solving differential equations
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D2uDx2 = diff(u.3,2);

eql = D2uDx2 = —omega_0"2xu_-3 + g(x-3);
bcl="u_3(0)=a,u3(L)=b’;

Sl=dsolve (eql ,bcl ,x_3);

u_3(x-3) = eval(vectorize(S1));

D2etaDx2 = diff(eta,2);

eq2 = D2etaDx2 =— L_4xdiff(u-3,2) — L.5xf_e(x.3);
bc2="eta (0)=b_0,eta(L)=b_L";

S2=dsolve (eq2,bc2,x.3);
eta(x_3)=eval(vectorize(S2));

D2chiDx2 = diff(chi,2);

eq3 = D2chiDx2 = L_2i(3)*diff(u-3,2) — L.3xf_e(x.-3);
be3="chi(0)=a_-0,chi(L)=a_L’;

S3=dsolve(eq3,bc3 ,x_3);

chi(x_3)=eval(vectorize (S3));

Phi_alpha = —L_1i(1:2)%u_3(x-3) + L_2i(1:2)xf_e(x.3);

%% Plotting solutions (Animation)
%Initialize plots

filename = ’'(Fig. 6.5)din_constCoeff_nonconstFun2_homogen. gif’;
N = 100;

x = 0:1/N:L;

u3Data = u_3(x);

etaData = eta(x);

chiData = chi(x);

= figure(1);
axis tight manual
subplot (221)
udplot = plot(x,zeros(size(x)),’k’, linewidth’,2);
ylim ([—4%10"(—=9) 4%x10°(—-9)])
xlabel (’x_-3")
ylabel ('u_3(x.3)")

% Scaled for specific solution

subplot (222)

etaplot = plot(x,zeros(size(x)),’k’, linewidth’,2);

ylim ([-4%10"(—4) 4%x10°(—4)]) % Scaled for specific solution
xlabel (’x_-3")

ylabel(’\eta(x-3)")
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subplot (223)

chiPlot = plot(x,zeros(size(x)),’k’, linewidth’,2);
ylim ([-300 300]) % Scaled for specific solution
xlabel (’x_37)

ylabel(’\chi(x_-3)")

subplot (224)

fplot (Phi_alpha (1) ,[0 L],’k’, linewidth’,2)
hold on

fplot (Phi_alpha(2),[0 L], ’k’, linewidth’,2)
hold off

xlabel(’x.37)
ylabel (*\Phi_1(x.3), \Phi_2(x.3)’)

% Making Animation
for t=0:0.00005:0.0018
u3dplot.YData = u3Dataxcos(omegaxt) ;
etaplot.YData = etaDataxcos(omegaxt) ;
chiPlot .YData = chiDataxcos(omegaxt) ;
suptitle (strcat ('t = ’ ,num2str(t)));
drawnow ( ) ;
% Capture the plot as an image and save to . gif
frame = getframe(h);
im = frame2im (frame) ;
[imind ,em] = rgb2ind (im,256) ;
if t==
imwrite (imind ,cm, filename , gif ', ’Loopcount’,inf);
else
imwrite (imind ,cm, filename , " gif ', ”WriteMode ’ , append ’ ) ;
end

end
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Appendix C Additional Remarks

C.1 On the Definition of Eigenvalues and Eigenfunctions

If we write the homogeneous Fredholm equation as

b
/ K(s,0)g(t)dt = pg(s), u=1/A

we have the classical eigenvalue or characteristic value problem. In the literature on integral
equations some authors use the notation A for eigenvalues only, whereas others use u for eigen-

values or characteristic values such that Ay = 1.

Since we study integral equation of the form

b
g(s) = )\2/ K(s,t)g(t)dt

throughout present work we denote eigenvalues by A? rather than by % g(t) is the corresponding

eigenfunction. With this notation the eigenvalues A of the kernel of an integral equation coincide

with those of the corresponding differential equation.!?

'Kanwal R.P., Linear Integral Equations, Second Edition, 1997
2Kythe P.K., Computational Methods for Linear Integral Equations, 2002
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